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1. INTRODUCTION 
The problem of ship maneuvering in restricted water, such as harbors, canals, river inlets, etc., 
has always been of major concern from the point of marine safety. The increasing number of 
ship collisions and the resulting ship grounding, the immense cost of cleaning an oil spill and 
the potential threat in LNG (Liquid Natural Gas) accidents, have all led to a massive effort 
of improving ship maneuverability performance, possibly at the design stage. This problem is 
expected to be even more severe in the very near future due to the denser traffic in such waterways, 
as a result of the increase in number and size of ships. 
As of today, there exist several methods which may predict ship maneuverability performance. 
This includes, for example, the traditional method of using data base, model tests in towing tanks 
and the use of numerical simulations. Clearly, from the designer point of view, the later method 
of numerical simulations is the preferable one, since the influence of some gross parameters which 
represent the ship’s form, rudder or propeller, can be investigated independently. Nevertheless, 
this method has some drawbacks mainly in its inapplicability to obtain accurate trajectories in 
restricted waterways with walls of prescribed geometry. Also, the simulation method is incapable 
of rendering the optimal maneuvers and cannot assure the feasibility of executing safe maneuvers 
in some laterally restricted waterways. For these reasons, we propose here the use of stochastic 
control methodology as a complementary tool to numerical simulation. When applying stochas- 
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tic optimal control, one can incorporate the geometry of the waterway, obstacles, etc., in the 
formulation of the problem and conduct a comparative parametric study of ship maneuverability. 
The proposed method is again based on a mathematical model for ship maneuvers on a planar 
otherwise undisturbed free-surface. The dynamical model is expressed in terms of the time- 
dependent ship speed, drift angle and the angular yaw velocity. A semi-analytical method is used 
for the evaluation of the hydrodynamical loads (longitudinal force, lateral force and yaw moment) 
and some of the missing coefficients are empirically obtained from model tests. For the sake of 
simplicity, the present method is applied to some realistic ship forms (excluding transom stern) 
moving in deep-water and ignoring wall interference interaction effects. These effects can be 
easily incorporated to render a more elaborate mathematical model, but nevertheless the general 
method of solution remains the same. Using the above-mentioned dynamical model the following 
problem is considered here. A ship is approaching an obstacle (say an oil-rig) and its aim is to 
circumvent it. Furthermore, the motion of the ship, in the vicinity of the obstacle, is confined to 
a domain with a shape of a ring. The ring is located around a disc which includes the obstacle 
in its center, and the radius of the disc takes into account the actual size of the obstacle and 
a safety distance (see Figure 1). In addition, the ship can leave the ring shaped domain only 
through a corridor which is defined in Section 3. The stochastic optimal control problem is to find 
a feedback strategy for the rudder such as to maximize the probability that the ship will move 
safely in the ring shaped domain and leave out through the corridor. This stochastic optimal 
control problem is solved here (numerically) not in order to find the optimal feedback control 
law but rather to assess the feasibility of the ship performing the above-mentioned maneuvers. 
A parametric investigation of ship maneuverability is conducted by solving (numerically) the 
stochastic optimal control problem for different (fixed) values of RL, the width of the ring, and 
for different values of two other parameters describing the exit corridor. 
Nevertheless, for a given set of parameters, once the stochastic optimal control problem is 
numerically solved on a grid in the appropriate state space, the values of the rudder’s optimal 
feedback strategy can be stored on this grid. Although these values of the rudder’s feedback 
strategy are given only on a grid, nevertheless they may provide a significant insight for the 
optimal steering of the ship. 
The problem of ship collision avoidance has been dealt with in [l-5]. However, these references 
use the point-mass model for the ship’s motion, whereas we use here a full dynamical model for 
the ship’s motion. 
2. THE DYNAMICAL MODEL 
We consider the planar motion of a ship on an otherwise undisturbed free-surface of an incom- 
pressible fluid. Let the instantaneous speed of the ship be denoted by U(t), its drift angle by p(t) 
and let r(t) denote the yaw angular velocity. Let (z, y) be a Cartesian coordinate system attached 
to the ship, where z is aligned along the ship’s axis and y is taken in the starboard direction. For 
the sake of simplicity the origin of the (2, y)-coordinate system is placed at the center of gravity 
of the ship. Then, the surge and sway velocities are given by U cos p and -U sin p, respectively. 
The dynamical model used in this work has been proposed in [6] (see also [7-161) and it is 
given by (see also the Appendix for more details) 
(m’+4J (g) (; cosp - bsinp ) + (m’ + mh)r’sinP = X’, 
-(ml+ml,) (k) (; sin ,D + j cos p ) + (m’ + mk)r’ cos p = Y’, 
(,,+&)(;,‘(~+q) =N’. 
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Here, 
Figure 1. The geometry of the maneuvering domain. 
m’ = (0.5$d) ’ mL = (0.5;;2d)’ m& =(0.5;iQd)’ 
x’ = (0.5p;dU2)’ 
N’ = (0.5p;dU2) ’ 
i:z = 222 (0.5pL4d) ’ 
” = (0.5p;dU2) ’ 
TL 
T’ = - 
U’ 
where m, m, and my are the ship’s mass, added mass of the x-axis and the added mass of the 
y-axis respectively, L is the ship’s length, d is the draft and p is the fluid’s density. Also, X, Y 
and N are the external force along the z-axis, the external force along the y-axis and the yaw 
moment about the ship’s center of gravity, respectively. 
It is assumed here that X’, Y’ and N’ have the following decompositions 
x’=x;,+x;+xk, (4) 
Y’=Yf,+Yb+YA, (5) 
N’=N;,+Nf,+N& (6) 
In equations (4)-(6) the subscript H denotes the respective contribution due to the ship’s hull, P 
denotes the respective contribution due to the propeller and R denotes the respective contribution 
due to the rudder. 
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In the sequel, for the ship’s model considered here, the terms Yb and Ni, are assumed as 
negligibly small and are therefore omitted. However, the Xb component is assumed to have the 
following form 
x; = C+(l - tpc)n2@ (7) 
where 
KT(JP) = cl + c2 Jp + cs J;, 
l-wp 
Jp=Ucos/3 - . 
( ) nDp 
(8) 
(9) 
Here ctp, tpe, cl, cs, cs and wp are given constants (see the Appendix), n is the propeller 
revolution (rps), n > 0, and Dp is the propeller diameter. 
The components of the rudder forces are assumed to be of the form 
XL = -(l - tR)Fh sinS, (10) 
Yf = -(1+ CzH)F& cos6, (11) 
Nk = -(xk + a~xh)F& cos6, (12) 
where 6 is the rudder angle which serves here as the control function, tR, C&H, x/R and XL are 
given constants (see the Appendix) and Fi, is given by 
AR 
F!, = - CNLJ~ sin(b - y&), 
Ld (13) 
where 
@;1= p - 2x&r', 
u; = (I - wR)2{1 +@(s)}, 
g(s) = ~K12 - (2 - K)s)&, 
(14) 
(15) 
(16) 
ucosp 
s = 1.0 - (1 - wpc)- 
(nP) ’ 
(17) 
and AR, CN, y, xk, WR, C, r], K, wpg and P are given constants (see the Appendix). 
The rest of the forces, that is, XL, Yh and Nf, are described in the Appendix. Note that these 
forces do not depend on n or 6. 
Let g and 3 be unit vectors attached to the ship such that i is along the x-axis and 3 is along 
the y-axis. Also, let f and J be fixed unit vectors as described in Figure 1. Denote by 8 the angle 
between a and f. 
Define xi := U, x2 := p, x3 := r, x,3 := r’, x4 := 8, xi := XI and x& := Yz, where (XI,YI) is 
an inertial coordinate system such that the vector i is along XI-axis and the vector J is along 
YI-axis. 
Then, by applying some algebraic operations on equations (1) and (2), equations (l)-(3) yield: 
5=((m:2L)) 
[ - x,3 cos x2 sin xs(mi - m:) + X’ms cos x2 - Y’mr sin x2] 
:= f1(2hr~2,x3,~), (18) 
%=((m~2L)) 
[xc,3(mX sin2 x2 + rn: cos2 x2) - maX’sin x2 - miY’ cos x2] 
:= fi(xl, x2,x3,% 
dx3 x:N’ -=- 
dt VL2) 
:= f3(xl,x2,x3,% 
(1% 
(20) 
where ml := m’ + ml, , m2 := m’ + ml,, and I := I& + ih,. 
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Also, we have 
dx4 
- =x3 := f4(x3) 
dt (21) 
Henceforward, we will use polar coordinates to describe the motion of the ship in the (XI,YI)- 
plane. Thus, let xs = [Xf + Yt]1/2 and (Yr/Xl) = tan(xs). Then, by using some trigonometry 
it follows that 
dxs 
- = Dscosxs + Dssinxs := jr,(x), 
dt 
dxs 
dt = x5 -l(-@jsinxs+&cosxs) :=fs(x), 
(22) 
(23) 
where Dg = U, ~0~x4 - U, sinx4, Ds = U, sin24 + U, ~0~x4, U, := x1 ~0~x2, and U, := 
-x1 sin x2. In the sequel, for the sake of convenient notation, the following notation will be 
used fi = fi(x, 6)) i = 1,2,3, and fi = fi(x), i = 4,5,6, where x = (xl, x2, x3, x4, x5, x6). 
Equations (18)-( 23) constitute the equations of motion for the problem dealt with here. 
3. FORMULATION 
OF THE PROBLEM 
The control problem of the ship’s maneuvers will be considered here within the framework of 
stochastic control. Thus, the dynamical model dealt with here will be described by the following 
set of stochastic differential equations 
dxi = X,Jx)fi(x, 6(x)) dt + uidWi, t > 0, i = 1,2,3, (24) 
dxi = Xo(x)fi(x) dt + oidWi, t > 0, i = 4,5,6, (25) 
where X,(x) = 1 if 0 < Umin < XI < U,,,,, and re < x5, and &(x) = 0 otherwise; W = {W(t) = 
Pl (t), . . -7 K(t)), t > 0) is an @-valued standard Wiener process, TO > 0 and ui, 0 < ui << 1, 
i=l , . . . ,6, are given numbers. 
Denote by A, the class of all feedback strategies 6(o) = {S(x), x E W6} such that 6(.) : W6 + W 
is measurable and IS(x)] 5 6, for all x E R6. 
Let S(e) E A,. Then, [17], equations (24)-(25) determine a family of stochastic processes 
<: = KS) = (C&(t), . . . , <:6(t)) , t L 0}, x E l@, and an associate family of probability measures 
(P,“, x E BP} on Q = C([O,oo); IP), such that Pi is the solution to the martingale problem for 
L(6) 
(26) 
i=l i=4 
Define the following domains in lR6: 
D :={ X : Umin - 6 < Xl < Umax, 1x21 < (E) + 6, 1x31 < r,, 1x41 < (i) +% 
Rs-~<xg-cRs+R~, -r<x65n , 
> 
(27) 
O<E<<l, 
and 
T = {x : x5 = R, + R 151 1x41 5 00, 1x61 5 '$'O}, (28) 
where Uminr Urnax, r,, 00 and $0 are given positive numbers; R, = RG + L, where RG is the 
radius of a disc which covers the obstacle area and L is the ship’s length which serves here as a 
safety distance. The width of the ring shaped domain is given by RL. Thus, the ship is confined 
to move in the ring shaped domain given by R, - E < x5 < R, + Rr, and can leave this domain 
only through the corridor T. The parametric investigation of the ship maneuverability will be 
conducted here on the parameters RL, 00 and GO. 
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Denote by ~(2; 6) the first exit time of <$ from D, and define the following class of admissible 
feedback strategies: 
A := 
1 
S(.) E A, : sup Et 7(x; 6) < 00 
XED > 
) (2% 
where Ez denotes the expectation operator with respect to Pf. 
Define the following functional 
V(x; 6) := P, ({w : &T(X$))(W) E T}) , x E D, 5(a) E A. (30) 
The problem dealt with here is: Find 6*(.) E A such that 
V(z;S*) 2 V(s;S) for all z E D and any 5(a) E A. (31) 
A feedback strategy 6*(a) which satisfies inequality (31) will be called here an optimal strategy. 
Note, that in the problem considered here, the physical dimensions of the ship are taken into 
account first, in the definition of R, where L serves as a safety distance to avoid collisions with 
the obstacle, and second, in the definition of T where 101 I 80 and I$[ I $JO($J = arctan(YI/XI)). 
4. COMPUTATION 
OF V(-; S*) 
Let D denote the class of all functions V : Et6 --) R such that V is continuous a.s. on i?,, twice 
continuously differentiable on D, and such that Ic(S)V E Lz(D) for any a(.) E A. 
By following the same procedure as in [18] it can be shown that V(-;6*) can be computed by 
solving the following problem 
L(s*)v(x) = 0, 8.5. in D, (32) 
V(z) = 1, ZET; V(z)=O, x$DuT, (33) 
where in our case 6* (.) is determined by 
S*(x) = argmax{H(z; S(s)) : JS(x)l 5 6,)) 
and 
H(z; 6(z)) = zll sin2 6(z) + 222 sin6(x) cosS(s) + 233 cos2 6(s), 
211 = z1 cos 4, 
222 = -zl sin 4 + z2 cos 4, 
233 = -22 sin I$, 
Zl = x1611c1 
( z1 cosz,~ - sinx2$$) 
CmlL) 
1 
XCD (34) 
(35) 
(36) 
(37) 
(38) 
(39) 
aw) sin x2- - 
8x1 I ,c40J fh = mlm2L, (41) 
4 = 7(X2 - 2Xs3&), (see equation (14)), (42) 
1cI = &&vU:, A (43) 
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$1 = 41 -h), (see equation (lo)), (44) 
$2 = -0 + @!I), (see equation (ll)), (45) 
and 
$3 = -(XL + a~&), (see equation (12)). (46) 
It is hence forward assumed here that equations (32)-(46) have a solution denoted by V(.; S*), 
such that V(.; S*) E 23 and 5*(e) E A. Hence, 
V(x; s*> = P,“’ ({w :<;*(7(2; a*))(w) E T}) 2 V(z; S), (47) 
for all z E D and any 6(a) E A. 
5. NUMERICAL STUDY AND CONCLUSIONS 
Denote by Wg the following finite-difference grid on IR6 
R; := {(iihr, i&2,. . . ,ishs) : ii,&, . . . ,is = 0, fl, f2,. . .}, (48) 
andletDh:=DnR~andTh:=TnR~. 
Equations (32)-(46) h ave been solved here using a finite-difference scheme on IIRE similar to that 
described in [19]. Denote by Vh(.; a*) the solution to the finite-difference equations corresponding 
to equations (32)-(46). 
Define 
P,355,4 := 
(21 ,EL) Vh(s; s*), 
IEbh 
(wn, z2m, 53m, x4, ) := argmax Vh(z;6*), 
(21 rQ,13,14) 
XEDh 
Rud(z5, x6) := ~*(bz, Z2m, z3m, x4,71,25, x6). 
(49) 
(50) 
(51) 
Note that zirn = Z&25, zs), i = 1,2,3,4. 
Computations were carried out using the following set of parameters: L = 250m, LJ,,, = 
5 m/s, LJmin = 0.35 U,,,, r, = 1.5 U,,,,,/L rad/sec, n = (r,om/V&,) . T-J,,,,, where T,~,,, = 2, 
V nom = 7.71; 0; = 10-m, i = 1,2,3,4,5,6; 15, = 35x/180, RL = n3;.L, nL = 1,2,3; hl = 
(UIIXAX - Urnin)/ h2 = n/30, h3 = rm/5, h4 = n/16, hg = L/2 and he = n/18. (For nL = 1, 
hg = L/4). Also, RG = L/4, ( w h ere RG is the radius of the internal disc of O), and 00 and T/J~, 
the parameters of the exit corridor, were taken as 00 = n4h4 and I+!JO = n6h6, where n4 and ns 
are given positive integers. Let N(Dh) denote the number of points in Dh. Thus, for nL = 1, 
N(Dh) = 2291328, for nL = 2, N(Dh) = 2291328, and for nL = 3, N(Dh) = 3436992. The 
values of the dynamic coefficients are given in the Appendix. 
Some of the results, of the numerical study conducted here, are presented in Figures 2-11. 
In these figures the values of Ph(q,,zg) are given as functions of RL, n4 and ns (that is, as 
functions of RL, 80 and $0). These figures might be helpful in assessing the feasibility of the ship 
performing the maneuvers described in this paper. 
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RL=L,N4=3,N6=4 
- 
Figure 2. The values of Pk(z5, 
26) as fUIX?tiOIIS of x5 and fe for 
the case: RL = L, 00 = 3~116 
and @JO = 4~/18. Here 56 = 
T-i&,i6=0,1,..., 18. 
RL=2L, N4=3, N6=4 
- 
Figure 3. The values of Pk(x5, 
56) as functions of x5 and &j for 
the case: RL = 2L, 00 = 3x116 
and ?,bo = 4n/18. Here ze = 
R - i&6, ie = 0, 1, . . . , 18. 
- 
Figure 4. The values of Pi (x5, .._ 
26) a functions of 15 and 56 for 
the case: RL = 2L, 00 = 2a/16 
and ?+%I = 4x/18. Here &j = 
R - i&6, ie = 0, 1,. . . , 18. 
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RL=2L, N4=1, N6=4 
71 
Figure 5. The values of Pk(q,, 
5s) as functions of 2s and 
fs for the case: RL = 2L, 
00 = n/16 and $0 = 4?r/18. Here 
fs = ‘X - is,,& is = o,l,. . . ,18. 
RL=2L,N4=l,N6=1 
- 
Figure 6. The values of P,$(zs, 
5.5) as functions of zs and 
&j for the cave: RL = 2L, 
00 = a/16 and $0 = 7r/18. Here 
16 = A - i6h6, i6 = O,l,. . . ,18. 
RL=3L,N4=3, N6=4 
- 
Figure 7. The values of P$(z5, 
5.6) as fUI’ICtiOnS Of x5 and 5s for 
the case: RL = 3L, 00 = 3~/16 
and $0 = 4x/18. Here $6 = 
?r - i&j, is = o,l,. . . (18. 
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RL=3L, N4=1, N6=4 
- 
Figure 8. The values of P~(zB, 
26) as functions of z5 and 
fs for the case: RL = 3L, 
00 = r/16 and Qo = 4a/18. Here 
56 = A - i6h6, i6 = 0, 1, . . ,18. 
RL=3L, N4=1,N6=3 
- 
Figure 9. The values of PA&,, 
16) as functions of x5 and 
&j for the case: RL = 3L, 
00 = n/16 and $0 = 3n/18. Here 
56 = x - i6h6, i6 = 0, 1,. . . .18. 
- 
Figure 10. The values of P$(xs, 
&) as functions of 25 and 
26 for the case: RL = 3L, 
00 = n/l6 and +O = 2~118. Here 
56 = 77 - ishe, is = 0, 1,. . . ,18. 
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RL=3L,N4=1, N6=1 
- 
Figure 11. The values of Pk(rs, 
5s) as functions of 25 and 
fs for the case: RL = 3L, 
00 = 7r/16 and $0 = ?r/18. Here 
5s = ?r - i&s, is = 0, 1,. . . ,18. 
APPENDIX 
It is found to be more convenient to formulate the equations of motion in a dimensionless form, 
which in order to distinguish them from dimensional quantities, are here represented by a super- 
script “prime.” Let us denote the dimensionless longitudinal and lateral external forces acting 
on the ship by X’ and Y’, respectively. The external moment acting on the ship in a direction 
perpendicular to the (z:, y) plane is denoted by N’. In order to get the physical hydrodynami- 
cal loads, one has to multiply the force (X’,Y’) by 0.5 pU2Ld and the yaw moment N’ by 0.5 
pU2L2d. Here p, L and d denote the fluid density, ship length and draft respectively. 
Thus, the dynamical model which governs the motion of the ship can be simply written as 
m&d? +mz$rsinP=X’, 
L Usinp 
-m2 iTZddt +ml$rcosp=Y’, (52) 
where t denotes time and (ml, m2, I) represent the three components of the total mass/inertia 
coefficients (ship’s mass/inertia plus added mass/inertia due to the surrounding fluid). The 
converting parameter (into physical quantities) for the mass is 0.5 pL2d and 0.5 pL4d for the 
inertia. 
The external hydrodynamical loads can be further decomposed into the following components 
which are affected by the ship hull (H), ship propeller (P) and ship rudder (R). Thus, using the 
above subscripts, we write 
(53) 
The hull dependent terms can be expressed in terms of the various stability derivatives in the 
kllowing manner; 
XL = X&r’ sin p + Xl, cos2 ,6, (54) 
+ ppl{ i:),, + P2r’ { cl)o, + Nr’J2 { $ >,, 7 (55) 
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where r’ = rL/U, ‘1~ = U cosp and a typical stability derivative term X& 4 $$$-, etc. It is 
also important to note that all stability derivatives are considered as geometrical constants in 
the sense that they do not depend on the ship dynamics, i.e., on U, p and T. They can be 
approximated by some gross parameters representing the ship geometry such as 
(1) the ship slenderness ratio s = B/L, where B denotes the breath of the ship (twice the 
beam), 
(2) the hull aspect ratio k = y, and 
(3) the blockage coefficient Cg = &, where V denotes the volume of the displaced fluid. 
Typically one chooses X;jr = XL, = 0 and the rest of the coefficients for the lateral force and 
yaw moments of a realistic ship form can be taken for example from the recent paper given by [6] 
(see also below). 
As for the propeller-dependent terms Yf and Nb, which represent the lateral force and yaw 
moment acting on the propeller, the common practice is to ignore them with respect to the 
corresponding hull-dependent terms Yf, and Nh. For this reason, one can assume Yb = Nh = 0 
(except in crash astern or stopping maneuvers). The important effect of the propeller on the ship 
maneuver is represented by the term Xb, which can be written as 
KT (JP) 
Xb = c+(l - t,o)n2D$ o 5LdU2, 
where ctp = 1, tpo is the thrust deduction coefficient in straight forward motion, n is the propeller 
revolutions, Dp the propeller diameter, Jp is the propeller advance 
1-wp 
Jp = Ucos~---- 
nDp ’ (57) 
where wp is the wake fraction coefficient. Finally, it is common to assume that KT is a quadratic 
functional of Jp with some prescribed coefficients cl, cp and cs, that is 
KT( JP) = cl + c2 JP + c3 J;. (58) 
The evaluation of the rudder-dependent terms is somewhat more involved. Again following [6] 
we express these coefficients in terms of the normal hydrodynamical force Fi, acting on the rudder 
and the rudder angle S. Thus, Xk, Yft and Nk are given by equations (lo)-(12). 
The rudder angle S is used here as the control whereas the rudder normal force is expressed 
(following [S]) by equation (13). In equation (13), AR is the rudder area and C, is given by 
CN = 
6.13 KR 
KR + 2.25 ’ 
where KR is the rudder’s aspect ratio. Also, UR (equation (13)) is the effective rudder inflow 
speed and QR = 6 - r/3k denotes the effective rudder inflow angle. 
In addition, the mass/inertia coefficients can be defined in terms of the blockage and the 
slenderness ratios and the corresponding added inertia coefficients Xi(i = 1,2,6): 
mi = 2sC~(l+ Xi), i = 1,2, 
I = ; SC&l + Xs), 
where Xi can be approximated for example by the “equivalent spheroid” concept, i.e., 
(60) 
(61) 
X1 = k; AZ = $ (1 - ;> ; X6 = f(l - 1.6 s). 
Finally, a list of stability derivatives (following [6] and adding some more assumptions) for 
the lateral force and yaw moment in terms of the slenderness ratio s = B/L, the aspect-ratio 
k = 2d/L and the blockage coefficient of the ship; and the value of some other coefficients, is 
given 
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Yj = +k + 1.4&B, 
Y,’ = ml - 1.5&B, 
k 
Y& = 1.25 ; (1 - CB) + 0.5, 
y,!r = 0.17; CB - 0.07, 
Y& = 2.97; (1 - CJj), 
Yjp, = 0.75 5 CB - 0.65, 
s 
N; = k, 
N; = -0.54k + k2, 
k 
N& = -0.48 ; (1 - CB) + 0.066, 
N;, = 0.5 Sc,j - 0.09, 
N&T = -0.25 ‘c CB + 0.05, 
S 
Nhsr = -57.5(sCB)2 + 18.4 SCB - 1.6, 
wP = ‘WPO 
= 0.23 + 1.4(&j - 0.5)2, 
1 - tR = 0.28 CB + 0.55, 
1-wR0 
eps = l - wpo 
+ 41.6- - . CBB 176 
L ’ 
(63) 
(64) 
(65) 
(66) 
(67) 
(68) 
(69) 
(70) 
(71) 
(72) 
(73) 
(74) 
(75) 
(76) 
(77) 
2 
CBB 
+ 0.02- L +0.68, (78) 
aH = 0.633 CB - 0.153, (79) 
K = 0.6 s, 
R 
630) 
(81) 
and L = 250m, B = 40.77m, d = 16.96m, CB = 0.831, k = 2d/L, tpo = 0.6~~0, C,, = 1, 
Dp = 8.5, ~1 = 0.52, ~2 = -0.4861, ~3 = 0.01212, ok = -0.5, XL = XL, P = 0.8Dp, KR = 1.7, 
C = 1, wp = wpo, WR = wRo and AR = 74. 
The force X& is computed using the following procedure 
1 -wpo 
JPO = v,,,-, 
Tnom DP (82) 
KTO = cl + c2 JPO + c3 Jgo, 
XI!I = ~(1- tpo)KTo . T:,,D;, 
X6 cu = --) 
vrLm 
2 2 
XL = 
q&x1 cos x2 
O.SpLdx; 
cu cos2 x2 
= 0.5pLd ’ 
(83) 
(84) 
(85) 
(86) 
(87) 
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